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Abstract
Using the connection between closed solution curves of the vortex filament equation and the periodic problem
for the nonlinear Schrödinger equation (NLS), we investigate the possibility of relating the knot types of finite-gap
solution to the Floquet spectra of the corresponding NLS potentials, in the special case of small amplitude curves
close to multiply-covered circles. © 2001 IMACS. Published by Elsevier Science B.V. All rights reserved.
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1. Introduction
There are by now many examples of curve evolution described by soliton equations; it suffices to mention the vortex filament equation, also known as the localized induction equation (LIE), for vortex filament
dynamics [9,12,13]; the mKdV equation modeling the motion of vortex patch boundaries [10] (as well as
edges of planar electron droplets in a magnetic field [18]); the Sine–Gordon equation (SG) for constant torsion curves generating pseudospherical surfaces [4,5]; and their higher dimensional generalizations [8,14].
For equations, such as the LIE which correspond to curve dynamics in three-dimensional space, periodic
boundary conditions have an additional implication: the corresponding curves can be closed (closure is
preserved by the purely local flow) and may be knotted. On the other hand, the periodic theory of finite-gap
solutions (periodic and quasi-periodic analogues of multi-solitons) is fairly well understood; recently,
Grinevich and Schmidt [11] gave a precise characterization of the closure conditions for solutions of the
LIE associated with periodic finite-gap potentials of the NLS equation.
In this article, we begin to investigate a possible relationship between the knot types of closed LIE
solutions coming from finite-gap NLS potentials and (part of) their associated Floquet spectra. Finite-gap
solutions of the LIE, as opposed to more general solutions, are good candidates for representing a large
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class of knot representatives since, at least for a low number of phases, their topology appears to be
preserved by the time evolution. Because of this, and because the time-dependence for these is through a
linear phase, we can just study their knot types at a fixed time. Ultimately, our hope is to find canonical knot
representatives among the solutions of integrable curve evolutions, with which to approximate generic
knots (just as one can use finite-gap solutions to approximate generic periodic NLS initial data), and to
investigate whether we can extract knot invariants for the restricted class of finite-gap curves from the
hierarchy of conserved quantities encoded in the Floquet discriminant (see also [16]).
The connection between the LIE and NLS was discovered by Hasimoto [12]. If γ (x, t) is an arclength
parametrized position vector evolving by the LIE
γt = γx × γxx ,

(1)

iqt + qxx + 2|q|2 q = 0.

(2)


 Rx
with curvature κ and torsion τ then q(x, t) = κ(x, t) exp i τ (s,t) ds satisfies the NLS equation

On the other hand, a technique due to Sym and Pohlmeyer (described below in Section 2) allows one to
reconstruct γ (x, t) in terms of a fundamental matrix solution of the NLS Lax pair. For finite-gap potentials
in the periodic and quasi-periodic cases, such matrices can be constructed from the Baker–Akheizer
functions [2], which are defined in terms of theta functions on the Jacobian of a hyperelliptic Riemann
surface whose branch points are the discrete part of the Floquet spectrum; moreover, such potentials may
be characterized in terms of their periodic spectra.
The curves studied in this work are associated with periodic finite-gap NLS potentials close to modulationally unstable plane waves. Both their Floquet spectra and the expression for γ (x, t) can be computed
using perturbation techniques. Although a complete understanding of the relation between knot types
and spectra of finite-gap curves requires the Baker function representation, the perturbation analysis done
here yields several interesting results.
The spectrum of a modulationally unstable plane wave (see Fig. 1) contains a finite number of imaginary
double points labeling its linear instabilities. It is well-known that the homoclinic manifold of an unstable

Fig. 1. The Floquet spectrum of a plane wave potential with three unstable modes. The corresponding curve is a triply covered
circle.
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NLS solution can be explicitly constructed using Bäcklund transformations. In previous work [3], the first
author computed the LIE curves associated to homoclinic orbits of unstable plane waves: these curves
are singular knots whose self-intersections persist throughout the time evolution. Since homoclinic orbits
are degenerate finite-gap solutions (associated with singular Riemann surfaces), one can ask whether the
corresponding singular knots separate curves of different knot types. We will give a positive answer to
this question for a few low-genus cases.
In Section 2, we describe the Sym–Pohlmeyer reconstruction method and review some basic facts of
Floquet theory, using a modulationally unstable plane wave as an example. We also review the conditions
that the Floquet spectrum of a finite-gap curve must satisfy in order for the curve to be closed.
Section 3 describes the perturbation analysis, which builds on the work of Ablowitz et al. [1]. Although
the curves produced by periodic perturbation of the plane wave potential are closed only to first order,
Proposition 3.1 guarantees that quasiperiodic perturbations exist which produce, non-perturbatively, the
same curves and spectra.
In Section 4 we describe the results of various experiments, both in the case of even perturbations which
produce self-intersecting curves, and in the noneven case where genuine knots arise. For perturbations
which split one of the complex double points, we formulate a precise conjecture on how its knot type
relates to its Floquet spectrum.

2. The curve and the linear system
For a complex-valued potential q(x), let ψ(x) satisfy the spatial part of the Lax pair, also known as the
Zakharov–Shabat spectral problem, for NLS:


iλ
q(x)
ψx =
ψ.
(3)
−q̄(x) −iλ
(The complex eigenfunction ψ(x) is vector-valued.)
For real values of the spectral parameter λ, (3) can be interpreted, as follows, as the Frenet–Serret
equations for a curve in three-dimensional space with curvature κ(x) = |q(x)| and torsion τ (x) =
(d/dx) arg[q(x)] − 2λ. For λ = 0, this is the inverse of the Hasimoto map. The position vector of the
curve is given in terms of the fundamental solution matrix Ψ (x; λ) of (3) by the Sym–Pohlmeyer formula
[15,17]:
γ (x) = Ψ −1 (x; λ0 )

d
Ψ (x; λ)
dλ

λ=λ0

,

λ0 ∈ R.

(4)

(We fix an isometry between R3 and the Lie algebra su(2) of skew-hermitian matrices of trace zero.)
The simplest family of curves arising from system (3) is associated with the plane wave potential
q(x) = a, at initial√time t = 0, for the NLS equation; these consist of helices and multiply-covered
circles. Setting k = a 2 + λ2 , the fundamental solution matrix of (3) for q(x) = a is given by
!
!
1
1
0
eikx
P =
.
(5)
P −1 ,
Ψ (x; λ) = P
(i/a)(k − λ) −(i/a)(k + λ)
0 e−ikx
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Using the reconstruction formula (4), one computes the components of the position vector of the curve
to be
sin(2ax)
,
2a
γ3 (x) = Re(Γ12 (x)) = −2λ0 x.
γ1 (x) = I m(Γ11 (x)) =

γ2 (x) = I m(Γ12 (x)) =

1
cos(2ax)
−
,
(2a)
2a

One obtains a closed curve of length L which is an m-times covered circle, m ∈ N, when a satisfies
aL = 2mπ , and the position vector is given by (4) with λ0 = 0 (giving γ 3 periodic).
The geometry of these curves is reflected in the associated Floquet spectrum. The spectrum σ (q) of a
given potential q(x) is defined to be the set of all values of the parameter λ for which there exist bounded
eigenfunctions of the linear system (3). Since det [Ψ (x; λ)] = 1, the spectrum σ (q) can be completely
characterized in terms of the trace of the transfer matrix Ψ (L; λ) across one period L; this is the Floquet
discriminant:
∆(λ; q) = Tr[Ψ (L; λ)].

(6)

Then σ (q) = {λ ∈ C|∆ ∈ R, −2 ≤ ∆ ≤ 2}. The fact that the discriminant is an analytic function of λ
will be used to investigate the spectrum of perturbations of multiply covered circles. For these solutions,
the discriminant is readily computed as

p
2
2
a +λ L .
(7)
∆(λ; a) = 2 cos
It follows that the Floquet spectrum of a multiply covered circle possesses continuous hands given by
the union of the real axis and the imaginary interval (−ia, ia), and a discrete set of points at which
∆(λ; a) = ±2 (see Fig. 1). This point spectrum consists of
1. The simple points λ = ±ia, at which d∆/dλ 6=p0.
2. An infinite number of real double points λj = √j 2 − m2 π/L, j = m + 1, . . .
3. A total of m − 1 complex double points λn = i m2 − n2 π/L, n = 1, . . . , m − 1, associated with
linear instabilities of the potential. 1
4. A real point of multiplicity 4, at λ = 0, at which the closed curve is reconstructed by means of formula
(4).
Note that, since the Floquet spectrum is symmetric under complex conjugation, we need only describe
it in the upper half plane.
For finite-gap solutions, it is shown in [6] that, if one reconstructs the curve by means of the Sym–Pohlmeyer
formula (4) at a generic real value λ = λ0 , then its position vector is given by
!
dp(λ)
x + γ0 (x; λ0 ),
γ (x; λ0 ) =
dλ λ=λ0
where γ0 (x; λ0 ) is a quasi-periodic function of x, and dp(λ)/dλ is the coefficient of the quasi-momentum
differential (also known as the Floquet exponent) evaluated at λ0 . Grinevich and Schmidt [11] derived
the closure conditions for the curve associated with a generic periodic finite-gap NLS potential; briefly
summarized, these are
1

One can easily show this by studying the linear stability of q(x) by means of a Fourier expansion.
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1. λ0 ∈ R must be a real periodic point of the spectrum, i.e. |∆(λ0 ; q)| = 2 (corresponding to periodic/antiperiodic eigenfunctions and hence to periodicity of the tangent vector to the curve);
2. λ0 must be a zero of the quasimomentum differential dp(λ).
√
Since one computes dp(λ)/dλ = (d∆/dλ)/ ∆2 − 4 (see [11]), it follows that λ = λ0 must be a
multiple point of order at least 4 (see [7] for details). In the special case of a multiply covered circle, one
sees trivially that the closure condition requires the curve to be reconstructed at λ0 = 0, the only real
critical point of multiplicity 4 in the associated Floquet spectrum.
3. Perturbing multiply covered circles
In this Section, we set up a perturbation calculation based on the work by Ablowitz et al. [1]. We want
to characterize the topology of finite-gap solutions whose spectra are close to the degenerate spectral
configuration of a multiply covered circle (the associated NLS potentials are modulationally unstable
plane waves), and establish a correspondence between their knot types and their Floquet spectra. In order
to do so, one considers perturbed potentials of the form
q(x) = a + [eiθ1 cos(µx) + r eiθ2 sin(µx)] = q0 + q1 ,

(8)

where 0 <   1 and r, θ1 , θ2 are real parameters; µ is a real frequency to be selected so that the
perturbation affects only one specific complex double point. The selection criteria are computed in [1]:
for a = 2mπ/L, if µ = µj = 2πj/L, 1 ≤ µ ≤ m − 1, then the jth complex double point splits into two
simple points and either a gap in the spectrum or a transverse complex band of spectrum appears. The
parameters govern the symmetry of the solution: if θ1 = θ2 + nπ , or if r = 0 then the perturbed spectrum
exhibits the symmetry λ → −λ, and is consequently symmetric about the imaginary axis. (This is due to
the potential being an even or odd function of x − c; such symmetry is commonly imposed in the study
of perturbations of the NLS equation.) On the other hand, if θ 1 and θ 2 are generic, then the perturbation
will cause the selected complex double point to split asymmetrically in the complex plane.
Analytic dependence on q(x) = q0 + q1 for the solution matrix of (3) gives an expansion of the form
Φ = Φ0 + Φ1 +  2 Φ2 + · · · ,

(9)

where Φ0 = P exp(ikσ3 x) is a principal matrix for (3) at  = 0 (compare (5)). We obtain the sequence
of inhomogeneous linear systems




dΦk
0
q1
iλ
q0
Φk = Q1 Φk−1 , Q1 =
(10)
−
−q̄0 −iλ
−q̄1 0
dx
for k ≥ 1, which can be solved recursively using variation of parameters: if Φk (x) = Φ0 (x)Bk (x) then
Z x
Φ0−1 (t)Q1 (t)Φk−1 (t) dt.
(11)
Bk (x) =
0

(We normalize Φk (0) = 0 for k ≥ 1.) Using a fundamental matrix Ψ (x) = Φ(x)Φ0 (0)−1 , we compute
this expansion for the perturbed Floquet discriminant:


Z L
2
−1
−1
+ O( 3 ).
Φ0 (t) Q1 (t)Φ1 (t) dt P
∆(λ; L) = Tr(Ψ (L)) = 2 cos(kL) +  Tr Φ0 (L)
0
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The term in  vanishes because q1 has average value zero. Nonetheless, the analysis in [1] shows that
that the spectrum of the perturbed solution-specifically, the location of the periodic points selected by the
perturbation differs from the spectrum of the constant potential by O()-terms.
Using the reconstruction formula (4) and the perturbative expansion (9) for the solution matrix of the
perturbed system, we can compute the first few terms of the series expansion for the position vector of
the corresponding curve. One can verify by direct computation that the curve obtained by truncating the
expansion to include the O()-term is a closed curve over the interval [0, mL], and that its associated
Floquet spectrum is close to the Floquet spectrum for q = q0 + q1 up to terms of order  2 or higher. As
a consequence, we have the following result (its proof and a more detailed discussion will appear in [6]).
Proposition 3.1. Given an isoperiodic deformation of the Floquet spectrum of a multiply covered circle,
there exists a nearby spectral deformation which is associated to a quasi-periodic
potential and which
R mL
corresponds to a closed curve of periodic curvature and torsion (with 0 τ (s) ds 6= 0 in general).
So, by relaxing the requirement that the perturbed potential be periodic, we can achieve the closure
condition for the associated curve (whose Floquet spectrum will thus contain a real multiple point of
multiplicity 4 or higher).
4. Experiments
In this Section, we show several interesting cases of closed curves obtained by truncating the perturbation expansion (9) at order  and using the Sym–Pohlmeyer reconstruction formula (4). We discuss the
relation between their knot types and the Floquet spectrum of the corresponding NLS potentials, shown
next to each curve plot.
4.1. The even case
If θ1 = θ2 or θ1 = θ2 + π or r = 0, the perturbed potential is an even or odd function of x − c,
and the complex double points affected by the perturbation form cross or gap configurations invariant
under reflection in the imaginary axis. When the perturbation selects only one complex double point,
the corresponding curves are self-intersecting. The second author has shown, using the Baker function
representation, that this is the case for curves associated to any modulated two-phase NLS potentials with
symmetric spectrum; details will appear in [6].
4.2. The noneven case
For generic values of θ 1 and θ 2 the corresponding curves are not self-intersecting, and interesting knot
types arise. The first four figures show the knots arising when a single complex double point is split at
order  by the perturbation. All the experiments done in this case produce (m, j)-torus knots; m is the
number of strands the knot wraps around the axis of revolution of the torus, and j the number of strands
wrapped around the waist of the torus. The integers m and j are related to the complex part of the discrete
spectrum of the associated NLS potential: m − 1 is the number of complex double points in the spectrum
of the unperturbed solution, and j is the location of the complex double point which splits under the
perturbation (j = 1 marks the double point closest to the upper end of the imaginary band).
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Fig. 2. An unknot [a (3, 1)-torus knot] with m = 3, j = 1,  = 0.1, r = 0.2, θ1 = π/2, θ2 = 0.

In Fig. 2, we show a (3, 1)-torus knot and the corresponding Floquet spectrum. In this case, we
have perturbed a triply-covered circle (or a plane wave potential with three unstable modes), and the
perturbation resonates with the first of the unstable modes exp(2πi/L).
Figs. 3 and 4 show two trefoil knots ((3, 2)-torus knots) of opposite handedness. A right-handed trefoil
has positive crossings.
In each of the two cases, the perturbation resonates with the second unstable mode exp(4π i/L), and
causes the top part of the imaginary band to move within the first or second quadrant of the complex plane
depending on the values of the θi ’s. In [1], it is observed that the two asymmetric spectral configurations
are associated with initial conditions for modulated right and left traveling wave solutions. The handedness
of the knot is thus related to the sign of the velocity of such potentials.
In Fig. 5, we show another example of a left-handed (5, 2)-torus knot coming from a perturbed plane
wave potential with four unstable modes. The second complex double point has split asymmetrically,
with the end of the top imaginary band moving into the left-half plane.
When the perturbation causes one of the complex double points to split asymmetrically, we can formulate a precise conjecture about the relation between Floquet spectra and knot types.

Fig. 3. A left-handed trefoil and its spectrum: m = 3, j = 2,  = 0.1, r = 0.2, θ1 = π/2, θ2 = 0.
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Fig. 4. A right-handed trefoil and its spectrum: m = 3, j = 2,  = 0.1, r = 0.2, θ1 = −π/2, θ2 = 0.

Conjecture 4.1. A noneven perturbation of a plane wave solution with m unstable modes which causes
the jth complex double point alone to split at first order corresponds to an (m, j)-torus knot, whose
handedness is labeled in terms of the right/left splitting of the complex band of spectrum.
In terms of homoclinic orbits of multiply covered circles, this would imply that the self-intersecting
curve generated by a single Bäcklund transformation of an m-covered circle performed at the jth complex
double point separates two (m, j)-torus knots of opposite handedness.
Finally, we have evidence that two noneven perturbations which individually select different complex
double points may be superimposed to generate knot types that go beyond torus knots. More explicitly,
we set

Fig. 5. A left-handed (5, 2)-torus knot: m = 5, j = 2,  = 0.1, r = 1, θ1 = 0, θ2 = π/6, and the Floquet spectrum of the
corresponding NLS potential (the initial condition for a modulated left-traveling wave).
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Fig. 6. Knot produced with m = 4, j = 3, k = 2, θ1 = 0, θ2 = π/6, θ3 = 0, θ4 = π/2, r = 1, s = 4, t = 1 and  = 0.01. The
knot type (labeled 52 in standard knot tables) has minimum crossing number 5 and is not a torus knot.

q(x) = a + [eiθ1 cos(µj x) + s eiθ2 sin(µj x) + r(eiθ3 cos(µk x) + t eiθ4 sin(µk x))],
where r, s, t are real, and j 6= k are integers between 1 and m − 1 selecting the double points to be
perturbed. Experiments (see Fig. 6) suggest that, in order to generate new knot types, j and k should be
relatively prime, with at least one of them relatively prime to m, and that genuinely noneven perturbations
— with generic values for all parameters-must be used.
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